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ABSTRACT 
The paper is devoted to a question if the Levi property is preserved by direct sums and quotients. 
The three-space problem for the Levi and Lebesgue properties in topological Riesz spaces is also 
investigated. 
1. INTRODUCTION 
We will consider topological Riesz spaces (= locally solid Riesz spaces) E = (E, r), 
i.e., Riesz spaces E equipped with a Hausdorff linear topology r possessing a basis 
of neighborhoods of zero consisting of solid sets. Our terminology and notations 
concerning topological Riesz spaces and Banach lattices are essentially that of [ 1 ] 
and [11]. We will use the abbreviation TRS for a topological Riesz space and the 
characteristic function of a set A will be denoted by 1A. Let us recall that a TRS 
E = (E, r) satisfies: 
- the Levi property, if every increasing r-bounded net in E+ has a supremum in 
E (and r is said to be a Levi topology), 
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- the Lebesgueproperty, ifx,~ $ 0 in E implies x,~ ~ 0; the topology r is called 
a Lebesgue topology, 
- the Fatouproperty, if r has a basis of neighborhoods ofzero consisting of solid 
order closed sets U, i.e., x,~ ~ U, x,~ 1" x ::* x 6 U. 
If the above conditions hold for sequences, instead of nets, than we say that E 
satisfies the a-Levi, a-Lebesgue and c~-Fatou property, respectively. The Lebesgue, 
Levi and Fatou properties impose a number of important conditions on the structure 
of a Riesz space. These properties imply a lot of interactions between an order and 
a topology. For instance, the norm topology on a Banach lattice E is Lebesgue iff 
one of the following conditions hold (see [11, Chapter 1]): 
- every order bounded sequence of positive pairwise disjoint elements of E tends 
to zero, 
- every norm closed sublattice of E is Dedekind complete, 
- every band in E* is a(E*, E) closed, 
- every interval [0, x] is the range of a countably additive measure defined on 
some or-algebra of sets. 
The best known characterization f the Lebesgue property is due to G.Ja. Lozanov- 
skii: a a-Dedekind complete Banach lattice E satisfies the Lebesgue property iff 
E does not contain any subspace linearly homeomorphic togoc. This deep result 
was generalized in [4] on a broad class of a-Dedekind complete topological Riesz 
spaces having the monotone completeness property. Moreover, Lozanovskii discov- 
ered that the Lebesgue property, in the class of Banach lattices, is equivalent to the 
famous Petczyfiski property (u) (see [11, Theorem 4.1]). By the Lozanovskii result 
we obtain the Lebesgue property is an invariant of linear homeomorphisms in the 
class of a-Dedekind complete Banach lattices, i.e., if T is a linear homeomorphism 
mapping a Banach lattice E satisfying the Lebesgue property onto a a-Dedekind 
complete Banach lattice F, then F also satisfies the Lebesgue property. The reader 
interesting in details concerning the Lebesgue property is referred to [1, Chapter 
3], [4] and, the first of all to the monograph [11] where more than 150 various 
characterizations of Banach lattices atisfying the Lebesgue property are discussed. 
The Levi property is less spectacular than the Lebesgue property, but spaces 
satisfying both Levi and Lebesgue, or Levi and Fatou, properties are of special 
importance. KB-spaces, i.e., spaces satisfying the Levi and Lebesgue properties, 
coincide with the class of TRS containing any closed Riesz subspace order 
isomorphic to co (see [2], [3], [4], [10] and [11, Chapter 7]). The conjunction of Levi 
and Fatou properties i preserved (in the class of Dedekind complete Banach lattices 
whose points are separated by order continuous functionals) by linear isometrics 
([2], [3] and [5, Chapter 10, Theorem 8]). Additionally, if E = (E, I[" H) is a Banach 
lattice and E is an ideal in a space L°(S, ~, #) of measurable functions over a 
a-finite measure #, then the norm topology satisfies the Fatou and Levi properties 
iff the unit ball in E is closed in the topology of #-convergence ([2], [3] and [5, 
Chapter 4, Lemma 5]). 
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The main aim of this paper is to study quotients of TRS satisfying the Levi or 
Lebesgue properties. In the first part of the paper we check if the Levi property is 
preserved by so called ~.-sums and linear homeomorphisms. 
2. SOME CONSEQUENCES OF THE LEVI AND LEBESGUE PROPERTIES 
Examples below show that many important spaces considered in analysis belong to 
the class of TRS satisfying the Levi or Lebesgue property: 
1. If (E, r) is a barrelled locally convex TRS, then the strong topology/~(E*, E) 
is a Levi topology [1, Theorem 6.4]. In particular, every dual Banach lattice satisfies 
the Levi property. 
2. Let L°(S, E,/Z) = L(/z) be a space of all (equivalence classes of) measurable 
functions and let/z be a-finite. The topology r (#) of convergence in the/z-measure 
on sets of finite measure is a Lebesgue Levi topology. Moreover, if (E, r) is a TRS 
such that E is a Riesz subspace of L°(/z) and the natural embedding E ~ L°(/z) is 
continuous, then r is a Levi topology whenever r possesses a basis of r(/z)-closed 
neighborhoods of zero [5, Chapter 1, Section 6]. In particular, standard topologies 
in LP-spaces (0 < p <~ oo), Orlicz spaces, Lorentz spaces are Levi. It is clear that 
the topologies in LP-spaces (0 < p < oo) are Lebesgue too. 
3. Consider the space C(S) of real continuous functions on a compact space S 
together with the topology r of uniform convergence. Then the following statements 
are equivalent [8, Proposition 10.5]: 
(i) r is a Levi topology, 
(ii) C(S) is Dedekind complete, 
(iii) S is extremally disconnected. 
4. Let card F > b~0 and let 
e~(r)  = [x =x(×) ~ e~(r): card{)/: x(y) -~ O) ~< ~o} 
be equipped with the topology r generated by the sup norm. The topology r is 
a-Levi and r is not a Levi topology. 
5. If E -  is the order dual of a Riesz space E, then the absolute weak topology 
lal(E~, E) is a Lebesgue Levi topology [1, Theorem 19.7]. 
6. The norm topology in co is Lebesgue, but it is not a-Levi. 
7. The norm topology in the quotient space ~°°/co is a-Lebesgue (see [11, 
Example 7, p. 46]) and it is neither Lebesgue nor a-Levi (if (Ni) is a sequence 
of pairwise disjoint infinite subsets of N and Q : eoo ~ eOO/co is the canonical 
quotient map, then supn Q(1UT=I Ni) does not exist but the sequence (Q(1uT=I Ni)) 
increases and it is norm bounded). 
We refer the reader to [11] for further examples of Banach lattices satisfying 
the Lebesgue and Levi properties. On the other hand let us note that the topology 
restricted to a proper order dense (super order dense) Riesz subspaces cannot be 
Levi (a-Levi). 
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It is quite obvious that a Riesz space E admitting a Levi (g-Levi) topology is 
Dedekind complete (a-Dedekind complete). Moreover, every a-Levi topology is a 
Hausdorfftopology. Indeed, the ideal {0} c E is r-bounded, and so for every x e {0} 
the sequence (nlx]) is increasing and r-bounded. Thus x0 = sup n nlxl exists in E 
and Ixl ~< nX0.1 Since E is Archimedean, we obtain x = 0, i.e., {0} is closed. It is 
worth to recall that metrizable a-Levi topologies are complete [ 1, Theorem 16.1 ]. 
As we mentioned above the Lebesgue property is an invariant of linear homeo- 
morphisms. The situation is completely different in the case of the Levi property: 
neither the Levi property nor the a-Levi property is an invariant of a linear 
homeomorphism. 
Example A. It is well known that the space £~ can be identified with the space 
C(flN) of continuous functions on the t~ech-Stone compactification/~N of N. Fix 
x e fin \ N and let fx denote the evaluation at the point x. The kernel of fx is a 
closed ideal of codimension one in goo. Therefore £~ and Ker fx are isomorphic 
as Banach spaces, £~ satisfies the Levi property while the topology of the sup 
norm restricted to Ker fx is not a-Levi. Indeed, the sequence (1 I l ..... ,/) is increasing 
and norm bounded in Kerfx, but SUPKerfx{l{l ..... n}: n e N} ----so does not exists 
in Ker fx - - i f  so were exist then so would be a supremum of {l{1,...,n]: n} in £~ 
because Kerfx is regular in £~. Finally so = super{Ill ..... }: n e N} = lr~ ~ Ker fx, 
a contradiction. 
The example above implies that for a Banach lattice E satisfying the a-Levi 
property the following two mutually exclusive alternatives hold: 
(a) E satisfies the Lebesgue property, 
(b) E is linearly homeomorphic to a Banach lattice F which does not satisfy the 
a-Levi property. 
Since the conjunction of the Lebesgue and Levi property is preserved by linear 
homeomorphisms [11, Theorem 7.1] then (a) excludes (b). On the other hand, if 
E does not satisfy the Lebesgue property, then E contains a sublattice order and 
topological isomorphic to ~o¢ [11, Theorem 1.5] and this copy is complemented. 
According to Example A there exists a complemented i eal H C e ~ linearly 
homeomorphic to ~ and such that H does not satisfy the g-Levi property. Thus, 
by Petczyfiski's decomposition method, we obtain 
eo ,e  Eo,  (eo,  E E ,  H, 
and so F = E ~ H is a required Banach lattice. 
Example A, as well as co (which is an ideal in e °°) show that the Levi property 
(and the a-Levi property) is not inherited by ideals with the restricted topologies. 
Moreover it happens that the Levi property is not inherited even by a-ideals-- 
see Example 4. It is obvious that bands inherit he Levi (and the g-Levi) property 
and regular sublattices (and so ideals) inherit the Lebesgue property, and a-regular 
sublattices inherit he cr-Lebesgue property. 
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Let us recall the notion of Z-sum of Banach spaces. Suppose that En = (En, 
I1" IIn), n E 1~, are Banach spaces, and Z = (Z, I1" tlx) is a Banach space such that Z is 
a proper ideal of ]~r~ containing unit vectors. The Z-sum of spaces En is defined as 
follows: 
(~fn)x:-- {(Xn) E~En ~(llXnHn) 
and it is a Banach space under the norm II(Xn)l] = II(llxn IIn)ll~. 
It is well known that for Banach lattices En, 3., n ~ 1~, the lattice (~) En)x satisfies 
the Lebesgue property if and only if every En and )~ satisfy the Lebesgue property 
(see [11, Example 3, p. 45]). In general X-sums do not preserve the Levi type 
properties--it may happen that En's Z satisfy the Levi property while (~) En)x has 
not the a-Levi property. 
Example B. Fix a sequence (t~) ~ Z with strictly positive terms and choose (Sn) E 
~N+ \ Z. Without loss of generality we can assume Sn > 0 because (Sn + 1) ~ Z. 
Consider a Banach lattice (E, II • II) satisfying the Levi property and suppose that I
is a closed ideal in E but I is not a a-ideal (such situation occur: take E = £~ and 
I = co). Since I is not a a-ideal then there exists an increasing sequence (Xn) C I of 
positive lements such that x~ 1" x0 ~ I. Let Q : E --+ E/1 be the canonical quotient 
map. Define new monotone norms II • IIn on E by the equalities 
S~ 
IIx Iln = tn ]IX ]l + ~ II Q(x)II. 
I[ Q(xo) [1 
It is clear that I1" Itn and [1" rl are equivalent, and so En ---- (E, I1" Iln) satisfies the Levi 
property. For all k,n ~ I~ there holds Ilx~lln ~< tnllxoII, and so £k = (x~,xk . . . .  ) E 
(t~) En)~. Clearly, the sequence (£k) is norm bounded: sup k II (~k)II ~< IIx0 II II (tn)ItZ, 
and moreover £kt- Suppose that the set {£k : k ~ l~I} has an upper bound y = 
(y( j))  ~ (~)En)x. Therefore xk = £k(J) <<- Y(J) for all k, j .  Hence xo <<. y( j )  for 
j 6 H. Finally, [ly(n)IIn/> IIx0 I1~ = tn Ilxo II + Sn > Sn and we obtain a contradiction: 
(lly(n)lln) • Z. 
Nevertheless, the Levi property is X-stable in the following sense. 
Proposition 2.1. I f  E and Z are Banach lattices satisfying the Levi (a-Levi) 
property and (En, I1 " Iln) = (E, II " II) for all n then (~) En)x satisfies the Levi 
(a-Levi) property oo. 
Our proof of the proposition above is based on some classical Amemiya's result 
(see [13, Theorems 107.5 and 113.1]): 
Theorem 2.2. I f  E = (E, I1" II) is a normed lattice satisfying the Levi property then 
(.) 3c~lllX II ~ c sup I Ix~ II for every x ~ E+ and every net 0 <<. x~ ~ x. 
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I f  E has the a-Levi property then (*) remains true when nets are changed by 
sequences. 
n oo Proof of Proposition 2.1. Assume ( (~E)x)+ 9 x~ = (xa())n=l'  Xct'~ and let 
the net (x~) be norm bounded: sup~ II(llx=(n)ll)llx < c~. Since each projection 
((~)E)z -+ E is continuous then, for each n, the net (x~(n)) is nondecreasing 
and norm bounded. Hence x~(n) t x(n) ~ E. Moreover IIx(n)ll ~< csup~ IIx~(n)ll. 
Let (tk) ~ ~., tk > 0 for k ~ N. Take Ot n for which there holds sup~ IIx~(n)ll < 
IIX~n(n)l[ + tn. Let aJ/> Otk for k = 1, 2 . . . . .  j .  Therefore 
II(llx(1)[[, Ilx(2)ll . . . . .  Ilx(j)[[,o,o . . . .  )ll  
~< I[(c(llX,~l (1)11 + tl), c(llx~:(2)ll + t2) . . . . .  c(llx j(j)ll + ¢j), o, o . . . .  )11~ 
cll(llx j(1)ll, IIx,~j(2)ll . . . . .  IIx~(j)ll, o. o . . . .  )11  + 
<~ csupl[(llx=(n)ll)[[z + c[l(tn)llx < oo. 
0l 
I fu = (llx(n)II) then uj = u l{1,2,...,j} E X and (u j) is an increasing norm bounded 
sequence in ~.. The Levi property implies uj <<. w for some w 6 3, and so u ~ ~.. 
Finally, (x(n))~= 1 = sup~ x~ in (~) E)~. [] 
3. THE LEVI AND LEBESGUE PROPERTIES IN QUOTIENT SPACES 
If F is an ideal of a Riesz space E, then Q : E --+ E /F  will always denote the 
canonical quotient map. It is known (see [1, Theorem 8.11]) that the Lebesgue 
property is preserved by a quotient: 
I f  a TRS ( E, r) satisfies the Lebesgue property and E is Archimedean, then a 
quotient space E / F satisfies the Lebesgue property for every ideal F in E. 
The above theorem remains valid for the a-Lebesgue property but under a 
stronger assumption (see [6, Theorem 4.1 ]): 
I f  a TRS ( E, r) satisfies the cr-Lebesgue property and E is almost ~r-Dedekind 
complete, then a quotient space E / F satisfies the cr-Lebesgue property for every 
ideal F in E. 
The paper [6] contains an example showing that the assumption of almost 
cr-Dedekind completeness cannot be weakened. Below we present a slight modi- 
fication of Example 4.3 from [6] where a seminormed lattice was considered. We 
will show, repeating a majority arguments from [6], a Banach lattice E satisfying 
the ~r-Lebesgue property and a band F C E such that E/F  does not satisfy the 
cr-Lebesgue property. 
Example C. Define 
c(N) = {f C R~: 3r>0 V~>01f(s) - r[ ~> e for at most finitely many s ~ R}, 
and equip c(~) with the sup norm. Then c(R) satisfies the a-Lebesgue property 
(see [11, Example 6, p. 46] or [6, p. 203]) and F = {f ~ c(R): f in  = 0} is a band of 
c (R). It is easy to check that he quotient norm is o f the form II Q (f)  I I = supn I f (n) I. 
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Put fn = 1N:\{l,2,. . . ,n}. There holds IlQ(fn)ll = 1 and Q(fn) $ O, i.e., c(IR)/F fails 
the a-Lebesgue property. Indeed, if Q(f)  <<, Q(f,)  for all n, then there are gn 6 F 
satisfying the condition f+ <<, fn + gn. Fixing m 6 N we obtain f + (m) <<, fm+l (m) + 
gm+l (m) = 0. Hence f+ ~ F, and so Q(f)  <~ O. 
The situation with quotients of TRS satisfying the Levi property is worse. The 
case of £~/co shows that sometimes a Banach lattice satisfying the Levi property 
has a quotient which is not ~r-Levi. Also quotients by a-ideals do not preserve the 
Levi property in general. Consider again the space £c~(I) -- £c~([0, 1]) (introduced 
in Example 4) which is a ~r-ideal of £~(I) = £~([0, 1]). The quotient norm of 
£~(I)/£c~(I) is of the form 
(**) IIQ(f)ll = in f  sup If(t)l, 
P tc l \P  
where P runs over at most countable subsets of I. The quotient £°c(I)/£~(I) 
does not satisfy the Levi property because it is not Dedekind complete. Indeed, 
let Ir C I, r ~ R, be a family of uncountable pairwise disjoint sets. The set 
{Q(llr): r ~ R} is bounded from above by Q(ll). Suppose Q(llr) ~< Q(f)  for 
all r. We can assume without loss of generality that 0 ~< f .  Furthermore Q(llr) = 
O(llr) A (O(f l l r )  v O(f l l \ Ir))  = O(ltr) A O(f l l r )  <<, O(f l lr) .  According to (**) 
1 = I] Q(llr)ll <. I[ Q(fllr)l l and applying (**) again we obtain 1 ~< suptel r f(t).  For 
every r choose tr ~ Ir with f(tr) >1 1. Disjointness of the sets Ir implies the set 
Io = {tr: r ~ II~} is of the cardinality c. Thus f l lo  ¢ F and so Q(fl l0) > 0. On the 
other hand, by the equality Ir \ Io = Ir \ {tr} we obtain Q(fl l \ lo)  >>- Q(fltr\Jo) = 
Q(f l l r  - f(tr)l{trl) = Q(f l l r )  >- Q(llr), i.e., Q(fl l \ lo)  is an upper bound of 
{Q(llr): r 6 R} and Q(fl l \ lo)  < Q(f l l \ lo)  + Q(f l lo) = Q(f).  Therefore the 
least upper bound of {Q(llr): r 6/~} does not exist in E. 
Let us notice that £~( I ) /~( I )  satisfies the g-Levi property (this fact can be 
checked irectly, but it also arises from Theorem 3.1 below). 
If a TRS E satisfies the Levi property and F C E is a band then, obviously, 
E/F  satisfies the Levi property too---E has to be Dedekind complete, and so E = 
F @ F d. Hence E/F  = F d. 
Now we will prove a positive result about quotients of spaces atisfying the a- 
Levi property. 
Theorem 3.1. Let E = (E, r) be a metrizable TRS with the cr-Levi property. Then 
for every a-ideal F of E the quotient TRS E / F satisfies the a-Levi property. 
Proof. Suppose 0 ~< Q(xn)t is topologically bounded. Without loss of generality 
we can assume 0 ~ Xn t. Fix a countable basis of solid r-neighborhoods of zero 
(Uj)j~N. There exist numbers tj > 0 such that Q(tjx,) ~ Q(Uj) for every n. Choose 
fn j c F satisfying tjx, - f J  E Uj. Put gJ = [fJ lA tjxn. We obtain gJ ~ [0, tjx,] n F 
and Itjxn - gJl = ItjXn A t jXn  - -  IfJl A tjx,[ <<, Itjx, -- IfJll ~< Itjx~ -- f,[I, i.e., 
t jXn  - -  gJn E Uj for every n and j. Since E is a-Dedekind complete there exist 
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elements gn = supk,j(lg~ A Xn). There holds gn E [0, Xn] n F and xn+t - gn+l  = 
Ix~+l - g~+l l /> [Xn+l A X n -- gn+l  A Xn[ = [Xn -- gnl = Xn --  gn,  i.e., the sequence 
(Xn - g~) increases and consists of positive elements. Moreover, it is r-bounded. 
Indeed, 0 ~< t j (Xn --  gn)  <~ t jXn --  tj(~jgJn A Xn) = t jXn -- gJn A tjxn = t jXn - gJn E U j .  
Therefore according to the g-Levi property xn - gn ~ x E . Since F is a a-ideal 
the operator Q is g-order continuous, and so Q(xn) = Q(xn - gn) t Q(x). [] 
Problem. Does Theorem 3.1 hold for nonmetrizable topologies? 
The Levi property is a three-space property. Indeed, if F is an ideal in a TRS E = 
(E, r) such that r restricted to F is Levi, then F is aprojection band (it follows from 
[7, Theorem 24.5] because for every x 6 E+ the set {y 6 F: y 6 [0, x]} is directed 
upwards and r-bounded, and so its supremum exists). Therefore E = F ~ F d and 
E/F  = F d. Hence E satisfies the Levi property whenever both F and E/F  satisfy 
this property. 
Similar result, under some assumption, holds for the a-Levi property. 
Theorem 3.2. Let r be a Hausdorff locally solid topology on a a-Dedeka'nd 
complete Riesz space E. I f  F is an ideal of E such that F and the quotient E / F 
satisfy the a-Levi property, then E satisfies the a-Levi property. 
Proof. Suppose 0 ~< Xn" ~ is r-bounded in E. Then Q(xn) increases and it is 
topologically bounded. Therefore Q(xn) t Q(x). Since Q(x) = Q(x v xn) then 
fn = X V X~ -- X ~ F. The sequence (fn) is increasing and r-bounded, and so 
fn t f ~ F because F satisfies the a-Levi property. Hence Xn <<. f + x. According 
to a-Dedekind completeness of E we obtain the existence of SUpn Xn. [] 
Remark. Example A shows that here exists a Banach lattice E satisfying, together 
with a quotient E/F  the Levi property, but F is not a g-ideal and F does not satisfy 
the a-Levi property. 
Next result states that he Lebesgue property is a three-space property in the class 
of a-Dedekind complete and intervally complete topological Riesz paces. 
Theorem 3.3. Let E = ( E, r) be a a-Dedekind complete and intervally complete 
TRS such that a closed ideal F of E and the quotient E / F satisfy the Lebesgue 
property. Then E satisfies the Lebesgue property. 
Proofi Assume E does not satisfy the Lebesgue property. Therefore E # EA, 
where EA = {x ~ E" Ixl/> xu $ 0 =* x~ -~ 0} is the largest ideal in E such that flEA 
is a Lebesgue topology. Choose x ~ E+ \ EA. It is clear x does not belong to F. In 
virtue of [9] Lemma 1 there exists a sequence (qn) ofpairwise disjoint components 
of x with qn ~ U for some solid neighborhood U of zero. Let Ni, i ~ N, be infinite 
pairwise disjoint subsets of N. Put xi = sup~Ni qk. We obtain xi ~ EA by qn ~ U 
and by [1, Theorems 10.2 and 10.1]. Hence xi ~ F, i.e., 0 < Q(xi) and clearly the 
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sequence (Q(xi)) consisting of disjoint elements is bounded from above by Q(x). 
Let V be a solid r-neighborhood of zero satisfying V + V C U. For every i E N, 
z ~ F, and n E gi, there holds Ixi - zl 4- lz A qn[ >/ Iqn -- Z /X qn[ + IZ A qn[ >1 qn. 
T 
Since z ~ E A then z/x qn ~ 0, and so z/x qn E V for sufficiently large n. Therefore 
xi - z q~ V because in the contrary case qn e V + V C U. Hence Q(xi) q~ Q(v).  In 
"t" 
other words Q (xi) ~ 0, a contradiction because the quotient satisfies the Lebesgue 
property. [] 
Remark. Theorem 3.3 was proved, in a different way, in [12] (Corollary 4) under a 
stronger assumption that r is complete. It is clear that there exist intervally complete 
but incomplete TRS satisfying the Lebesgue property (consider L ~ (0, 1) equipped 
with the integral norm). 
The two examples below show that neither the assumption "E is a-Dedekind 
complete" nor the assumption "r is intervally complete" can be rejected. 
The space c of convergent sequences equipped with the sup norm is complete but 
it is neither a-Dedekind complete nor a-order continuous (i.e., c does not satisfy the 
a-Lebesgue property). But the ideal co of null sequences and the one dimensional 
quotient c/co satisfy the Lebesgue property. 
Let p ~ [1, c~), and let E consist of Lebesgue measurable p-integrable functions 
on the unit interval I with the pointwise ordering (note that the elements of E are 
not equivalence classes). Consider the topology r being the supremum topology of 
pointwise convergence and the topology generated by the LP-norm, i.e., r is defined 
1 
by the family of following seminorms: Ilfllp = (fl i f ( t ) lPdt) -  ~ and Ilfllt = If(t)l, 
t ~ I (see [1, Example 8.6, p. 55]). It is clear that E is a-Dedekind complete and 
r is not intervally complete--the net consisting of characteristic functions of finite 
sets is order convergent and r-Cauchy but it does not converge. Therefore r is not 
Lebesgue. Note that the largest ideal EA, whose induced topology is a Lebesgue 
topology, is equal to the set of functions f with f ( t )  = 0 almost everywhere. Indeed, 
let/z denote the Lebesgue measure and let suppf  = {t: f ( t )  ~ 0}. If f ~ E and 
/z(supp f )  = 0, If l /> f~ ,1-0, then f~(t) $ 0 for every t ~ I and Ilf,~llp = 0, i.e., 
f,~ -~ 0. On the other hand for f ~ E with/z(supp f )  > 0 we obtain lz(Xn) > 0 for 
almost all n, where Xn = {t: If(t)l > ¼}. Fix a set Xj  having positive measure. I fA 
runs over finite subsets of I then Ifl/> Ifllxj\zx $ 0 and I I f lx~vxllp = Ilf lxj II/> 
) I z (x j )  > 0, i.e., I f l l  xn\A ~ O. We have showed f ¢ EA. 
Let us note that E/EA = L p (the space of equivalence classes with the usual 
p-norm), and so the quotient and the ideal EA (in this case Ea is even a a-ideal) 
have Lebesgue topologies while the topology on E is not Lebesgue. 
A a-analogue of Theorem 3.3 does not hold--the pair ~/co ,  co shows that the 
a-Lebesgue property is not a three-space property. 
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